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ON THE FIRST ZASSENHAUS CONJECTURE AND DIRECT PRODUCTS
ANDREAS BA¨CHLE, WOLFGANG KIMMERLE, AND MARIANO SERRANO
Abstract. In this paper we study the behavior of the first Zassenhaus conjecture (ZC1) under direct
products as well as the General Bovdi Problem (Gen-BP) which turns out to be a slightly weaker
variant of (ZC1). Among others we prove that (Gen-BP) holds for Sylow tower groups, so in particular
for the class of supersolvable groups.
(ZC1) is established for a direct product of Sylow-by-abelian groups provided the normal Sylow
subgroups form together a Hall subgroup. We also show (ZC1) for certain direct products with one of
the factors a Frobenius group.
We extend the classical HeLP method to group rings with coefficients from any ring of algebraic
integers. This is used to study (ZC1) for the direct product G × A, where A is a finite abelian group
and G has order at most 95. For most of these groups we show that (ZC1) is valid and for all of
them that (Gen-BP) holds. Moreover, we also prove that (Gen-BP) holds for the direct product of a
Frobenius group with any finite abelian group.
1. Introduction
Let G be a finite group. Denote its integral group ring by ZG and let V(ZG) be the group of
normalized units of ZG (i.e. units with augmentation 1). A long-standing conjecture of H. Zassenhaus
[39] (see also [36, Section 37]) is as follows:
First Zassenhaus conjecture (ZC1). Every torsion unit of ZG is conjugate to an element of
±G in the units of QG.
As usual we say that (ZC1) or the first Zassenhaus conjecture holds for a particular group or a class
of finite groups if it is correct for that group or for each group of this class.1
(ZC1) holds for finite nilpotent groups [37], for Sylow-by-abelian groups (i.e. groups having a normal
Sylow p-subgroup with abelian complement) [17] and for cyclic-by-abelian groups [8]. It has been
established as well for several non-solvable groups, cf. [3]. With algorithmic tools, mainly with the
HeLP method, (ZC1) has been shown for all groups of order at most 143 [2]. Very recently F. Eisele
and L. Margolis announced a metabelian counterexample to (ZC1) [15].
One main object of this article is to study the behavior of (ZC1) under direct products. Let G and
H be finite groups and assume that (ZC1) holds for G and H. Then very little is known whether
(ZC1) holds for G × H. If H is an elementary abelian 2-group this was answered affirmatively by
C. Ho¨fert, cf. [23] or [24]. M. Hertweck proved that (ZC1) holds for G ×H provided G is nilpotent
and H is an arbitrary finite group for which (ZC1) is known and whose order is coprime to |G| [19,
Proposition 8.1].
In Section 3 we show that if G is a direct product of Sylow-by-abelian groups then (ZC1) holds for
G provided the normal Sylow subgroups form a Hall subgroup. Section 4 deals with Frobenius and
Camina groups. Among other we show that (ZC1) holds for a direct product of a Frobenius group
with metacyclic complements and a finite abelian group or of such a Frobenius group with an arbitrary
finite group of coprime order.
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1As the name suggests, there are also a second and a third Zassenhaus conjecture dealing with conjugacy of (not
necessarily cyclic) torsion subgroups of ZG. (See [36, Section 37] for more details.)
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In view of the example constructed by Eisele and Margolis, weaker versions (you may also say sub-
stitutes) of the first Zassenhaus conjecture will come into the middle of research. For a recent overview
we recommend [33]. Two of them arise naturally in the context of our article (the abbreviations are
taken from [33]).
The first one has been posed by the second author in [1, Question 22].
(KP). Given a torsion element u in V(ZG), is there a finite group H containing G as subgroup
such that u is conjugate in the units of QH to an element of G?
The second one has been stated in the case when n is a prime power order by A.A. Bovdi [6, p. 26].
(Gen-BP). Let u be an element of V(ZG) of order n. For a positive integer m, denote by εG[m](u)
the sum of the coefficients of u at all elements of order m of G. Is εG[m](u) = 0 for all m 6= n?
In [33] it is shown that (KP) and (Gen-BP) are in the form stated as above equivalent. Certainly
concerning (KP) it is of interest to construct H as small as possible and whether (ZC1) holds for H. In
Section 3 we give a positive answer to (KP) in the case when G has a normal nilpotent Hall subgroup
with abelian complement. Here G is embedded into a suitable direct product of Sylow-by-abelian
groups for which (ZC1) is valid (see Corollary 3.3). This covers in particular the groups constructed
by Eisele and Margolis and shows that for integral group rings the property (ZC1) is not closed under
group rings of subgroups. In contrast to this, (KP) and therefore (Gen-BP) as well are inherited by
group rings of subgroups. Moreover we show in Section 3 that (Gen-BP) holds when G is a Sylow
tower group. In particular it holds for supersolvable groups.
The case of groups of the form G×A where (ZC1) holds for G and A is finite abelian leads naturally
to the problem to consider the analogue of the first Zassenhaus conjecture for group rings OG where
O is a ring of algebraic integers (see Proposition 5.2). Extending the HeLP method to this situation
we investigate this question when G has order at most 95. Surprisingly this leads for many groups of
small order to a positive result (see Proposition 5.8). However in Z[i]S4 the case of a normalized unit
of order 4 remains. In a certain Z-order containing Z[i]S4 there are such units arising from units of
Z[i, 1/2]S4 and we will give one such unit explicitly. A more careful analysis of this case requires large
calculations and will be treated in an extra article.
2. Preliminaries and the HeLP method
In this section we recall known results about torsion units in group rings which we use in the
following sections and explain briefly the HeLP method (for a more detailed discussion see [4, 18, 35]).
Let Z≥0 denote the set of non-negative integers and Zp the p-adic integers for a prime p. For a
positive integer n, we always use ζn to denote a complex primitive n-th root of unit. If K/F is a
Galois extension, then TrK/F : K → F denotes the trace map.
Let G be a finite group and g ∈ G. We denote by gG the conjugacy class of g in G and by G′ the
commutator subgroup of G. If p is a prime and G has a normal Sylow p-subgroup, then this subgroup
is denoted by Gp; if it has a normal Hall p
′-subgroup, then this group is denoted by Gp′ . For π a set
of primes, the π-part and the π′-part of g are denoted by gπ and gπ′ , respectively. By o(x) we denote
the order of the group element x.
If u =
∑
h∈G uhh is an element of a group ring of G then the partial augmentation of u at g ∈ G is
εg(u) =
∑
h∈gG
uh.
For a positive integer m we will denote the generalized trace of u (as it appears in (Gen-BP)) by
εG[m](u) =
∑
h∈G
o(h)=m
uh.
Clearly, εG[m](u) is just the sum over all partial augmentations of u at conjugacy classes containing
elements of order m.
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We will use the following elementary observation. Let N be a normal subgroup of G and set
G¯ = G/N . For a torsion unit u in ZG, we shall extend the bar convention when writing u¯ for the
image of u under the natural map ZG→ ZG¯. To express that x is conjugate to the element y in the
group G we use the notation x ∼G y; if the group is clear from the context the subscript G will be
dropped. Since any conjugacy class of G maps onto a conjugacy class of G¯, we have for any x ∈ G:
εx¯(u¯) =
∑
gG, g¯∼x¯
εg(u); (2.1)
where
∑
gG is an abbreviation of
∑
t∈T for T a set of representatives of the conjugacy classes of G.
The following collects some well known facts about torsion units in integral group rings (see [36,
Corollary 1.5, Theorem 7.3, Lemma 41.5],[10], [31] and [18, Theorem 2.3]).
2.1. Let G be a finite group and let u be an element of V(ZG) of order n. Then the following statements
hold:
(1) If u 6= 1 then ε1(u) = 0 (Berman-Higman Theorem).
(2) n divides the exponent of G.
(3) If g ∈ G and εg(u) 6= 0 then the order of g divides the order of u.
(4) u is rationally conjugate to an element of G if and only if εg(u
d) ≥ 0 for every g ∈ G and
every d | n.
(5) If N is a normal p-subgroup of G and u maps under the map ZG −→ ZG/N to 1, then u is a
p-element.
We will use these results without further mention. We say that a normalized unit u has trivial
partial augmentations if the partial augmentations of ud, for all divisors d of the order of u coincide
with partial augmentations of a fixed group element g ∈ G. In this case u is rationally conjugate to
the element g by 2.1.(4).
Let ρ be a representation of G affording the character χ and let u be a unit of ZG of order n. As
un = 1, we have that every eigenvalue of ρ(u) is of the form ζℓn for some integer 0 ≤ ℓ ≤ n− 1 and the
following formula gives the multiplicity of ζℓn in terms of the partial augmentations of u (see [29]):
µℓ(u, χ) =
1
n
∑
xG
∑
d|n
εx(u
d)TrQ(ζdn)/Q(χ(x)ζ
−ℓd
n ) ∈ Z≥0. (2.2)
Observe that (2.2) makes sense because of 2.1.(3). This formula can also be extended to Brauer
characters modulo a prime not dividing n (see [18]) and it is the bulk of the HeLP method.
Let Z(G) be the intersection of the localizations Z(p), with p a prime dividing the order of G. In
several papers Hertweck considered the behavior of torsion units of integral group rings mapping to
the identity under the map ZG→ ZG/N, where N is a normal p-subgroup of G. His main results are
the following (see [22, Theorem B], [32] for a proof and [19, Lemma 2.2], respectively):
Theorem 2.2. Let N be a normal p-subgroup of a finite group G. Then any torsion unit in ZG which
maps to the identity under the natural map ZG → ZG/N is conjugate to an element of N by a unit
in ZpG.
Proposition 2.3. Let G be a finite group and p a prime integer. Let R be a p-adic ring and u a
torsion unit of RG with augmentation one. Suppose that the p-part of u is conjugate to an element x
of G in the units of RG and g is an element of G such that the p-parts of x and g are not conjugate
in G. Then εg(u) = 0.
It is not known whether the first Zassenhaus conjecture behaves well with respect to quotient groups
(for subgroups and extensions see Remark 3.4 below). As mentioned in the introduction, also for direct
products barely anything is known. The only easy observation one can make is the following.
Remark 2.4. The first Zassenhaus conjecture is inherited by direct factors. That is, if the first
Zassenhaus conjecture is known for G = H × K, the direct product of H and K, then the first
Zassenhaus conjecture has to hold for H and K.
Denote by ι : QH → QG and π : QG → QH the ring homomorphisms induced by the inclusion of
H into G and the projection of G onto H, respectively. Assume that u ∈ V(ZH) is a torsion element.
Then also ι(u) ∈ V(ZG) is a torsion element and by assumption conjugate to an element g ∈ G by a
unit x ∈ QG. But then u = π(ι(u)) is conjugate by the unit π(x) ∈ QH to π(g) ∈ H.
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3. Nilpotent-by-Abelian Groups
The following lemma is a slight generalization of [17, Lemma 5.5] for our purpose.
Lemma 3.1. Let G be a finite group and π be a set of primes. Suppose that N is a normal nilpotent
Hall π-subgroup of G with abelian complement K. Let x ∈ N be a π-element and let k ∈ K. Then
C = {g ∈ G : gπ ∼ x and g = nk for some n ∈ N}
forms a conjugacy class of G.
Proof. Let f, g ∈ C. As K is abelian, we may after conjugation assume that fπ = gπ = x, f = x · n1k
and g = x ·n2n1k with n1, n2 ∈ N . Let H = 〈n1k, n2〉. Having in mind that n1k and n2n1k are the π
′-
parts of f and g respectively, we get that x ∈ CG(H). Let M = N ∩H. Then M is a normal subgroup
of H and K1 = 〈n1k〉 and K2 = 〈n2n1k〉 are complements to M in H. By the Schur-Zassenhaus
Theorem we get that Kh1 = K2 for some h ∈ H. As (n1k)
h ∈ Nk we get
(n1k)
h = n2n1k.
It follows that
fh = xh(n1k)
h = xn2n1k = g,
which establishes the lemma. 
Theorem 3.2. Let G = (P1 ⋊A1) × · · · × (Pk ⋊Ak) be a finite group where Aj is an finite abelian
group for every j and P1 × · · · × Pk is a Hall subgroup of G. Then the first Zassenhaus conjecture
holds for G.
Proof. Let u be a torsion element of V(ZG). We will show that all partial augmentations of u but one
vanish. Let bars denote reduction modulo N = P1 × · · · × Pk and note that all torsion units of ZG¯
are trivial as G¯ is abelian. Denote by π = π(N) the set of prime divisors of the order of N .
For any p ∈ π, let up be the p-part of u and let P be the Sylow p-subgroup of G. Then up maps
to 1 under the natural map ZG → ZG/P as G/P is a p′-group. Thus up is conjugate in the units of
ZpG to an element xp ∈ P by Theorem 2.2. Using Proposition 2.3 we deduce that εg(u) = 0 for every
g ∈ G whose p-part is not conjugate to xp. As N is nilpotent, applying this argument for every p ∈ π
we get that εg(u) = 0 for every g ∈ G whose π-part is not conjugate to x =
∏
p∈π xp ∈ N .
Take any h ∈ G. The partial augmentation εh¯(u¯) is the sum of all partial augmentations εg(u)
with g ∈ G and g¯ = h¯ in G¯ (since G¯ is abelian). By the previous paragraph, we need to sum only
over conjugacy classes of elements g ∈ G whose π-part is conjugate to x (and g¯ = h¯ of course). By
Lemma 3.1, this sum extends over a single conjugacy class (if any).
Thus, εg¯(u¯) = εg(u) for all g ∈ G whose π-part is conjugate to x. By the Berman-Higman Theorem,
εk(u¯) 6= 0 for exactly one k ∈ G¯. Applying Lemma 3.1 again, we see that there is only one partial
augmentation of u different from 0, as desired. 
Corollary 3.3. Assume that the finite group H has a normal nilpotent Hall subgroup N such that
H/N is abelian. Then H can be embedded into a group G for which the first Zassenhaus conjecture
holds. In particular (KP) has an affirmative answer for H.
Proof. Let A ≃ H/N be a complement of N in H and N =
∏k
j=1 Pj the decomposition of N as direct
product of its Sylow subgroups. Then set G = N ⋊
(∏k
j=1A
)
, where the jth factor of
∏k
j=1A acts
on Pj like the complement A in H and trivial on all other Sylow subgroups of N . Then
H = NA →֒ G = N ⋊


k∏
j=1
A

 : na 7→ (n, a, ..., a)
is an embedding of H into G. Note that the first Zassenhaus conjecture holds for G by Theorem 3.2.
It remains to prove that (KP) has a positive answer for H. As H can be embedded into the group
G for which (ZC1) holds, we have that each torsion element u ∈ V(ZH) is conjugate within QG to an
element g ∈ G. This means εg(u) 6= 0. But as then necessarily g
G ∩H 6= ∅, u is also conjugate to an
element of H within QG. 
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Remark 3.4. The groups constructed by Eisele and Margolis in [15] as counterexamples to (ZC1)
have normal abelian Hall subgroup with abelian complement, so Corollary 3.3 shows that these groups
can be embedded as normal subgroups in a group for which (ZC1) holds. This shows that the property
(ZC1) is not closed under taking subgroups, not even under taking normal subgroups. In contrast to
this, (KP) is clearly a subgroup closed property. As (ZC1) holds for abelian groups, (ZC1) can also
not be an extension closed property.
Proposition 3.5. Suppose that the finite group G has a normal Sylow p-subgroup P and that (Gen-
BP) holds for G/P . Then (Gen-BP) holds for G.
Moreover if G has a normal Hall subgroup N which is a Sylow tower subgroup and (Gen-BP) holds
for G/N then it also holds for G.
Proof. Let u ∈ V(ZG) be a torsion element. If u is a p-element then u is conjugate in ZpG to an
element of G by Theorem 2.2. Thus there is precisely one partial augmentation of u which is not zero.
Assume o(u) = pm · a with a > 1 and p does not divide a. Denote by up the p-part of u. Then up
maps to the identity under the quotient map ZG → ZG/P . Again by Theorem 2.2, up is conjugate
within ZpG to k ∈ G. Now by Proposition 2.3 each partial augmentation εh(u) = 0 if the p-part hp is
not conjugate to k. Thus εg(u) 6= 0 implies that g has order p
m · b where b divides a.
Let σ be the reduction map from G onto G/P and denote by u¯ the image of u under the induced
map ZG onto ZG/P . Clearly, for any g ∈ G we have that σ(g) has order b if and only if g has order
pk · b for some integer k. Thus
εG[pm·b](u) = εG¯[b](u¯).
By assumption, the right hand side is zero if and only if b 6= a. Thus (Gen-BP) follows for G.
The second statement follows immediately from the first one by induction on the number of primes
dividing |N |. 
Theorem 3.6. (Gen-BP) holds for finite groups with a Sylow tower. In particular it is valid for
supersolvable groups.
Proof. Supersolvable groups are Sylow tower groups [25, VI, Satz 9.1]. Thus the result follows from
Proposition 3.5. 
Remark 3.7. a) It also follows from Proposition 3.5 that (Gen-BP) holds for G provided G has
a normal nilpotent Hall subgroup with abelian complement. As (Gen-BP) is equivalent to
(KP) (see [33]), this gives for such a group a proof for (KP) which of course also follows for
such groups from Corollary 3.3. Note however that (ZC1) for the larger group need not hold
if (KP) is valid.
b) Further examples of Sylow tower groupsG are finite groups having a nilpotent normal subgroup
N such that G/N is a p-group. Vice versa, groups G with a normal p-subgroup P and nilpotent
quotient G/P are Sylow tower groups. From Burnside’s Transfer Theorem [25, IV, Satz 2.7]
it follows that finite solvable groups all of whose Sylow subgroups are abelian with different
invariants have a Sylow tower.
4. Frobenius Groups
A finite group G is called a Camina group if G 6= G′ and gG′ = gG for all g ∈ G\G′. Camina groups
found a lot of attention since they were introduced by A.R. Camina in 1978. All Camina groups were
described by R. Dark and C.M. Scoppola (the capstone can be found in [11, 28] and for the last gap
that was closed see [26]). We collect this classification as follows.
Theorem 4.1. A finite non-abelian group is a Camina group if and only if it is either a Camina
p-group (which is necessarily of nilpotency class at most 3) or a Frobenius group whose complement
is cyclic or isomorphic to Q8.
In order to study the first Zassenhaus conjecture for the direct product of a Camina group and an
finite abelian group, we first verify the first Zassenhaus conjecture for Camina groups.
Proposition 4.2. The first Zassenhaus conjecture holds for Camina groups.
Proof. Let G be a Camina group. As the first Zassenhaus conjecture holds for abelian groups, we may
assume that G is non-abelian. We use the classification of Camina groups stated in Theorem 4.1. If G
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is a Camina p-group, then in particular it is nilpotent and hence the result follows from [37]. Suppose
that G is a Frobenius group whose complement is cyclic or isomorphic to Q8 and let u ∈ V(ZG) of
order k. By [27, Theorem 2.1] we know that k divides either the order of the Frobenius kernel N of
G or the order of the Frobenius complement of G. In the first case, u gets mapped to 1 under the
natural ring homomorphism induced by modding out N and the result follows from [21]. Otherwise,
k is relatively prime to the order of N and the result follows from [12, Corollary 2.3]. 
Proposition 4.3. Let A be any finite abelian group and F a Frobenius group with Frobenius comple-
ment C. If the first Zassenhaus conjecture holds for C ×A then it also holds for F ×A.
Proof. Using Remark 2.4 and the fact that the first Zassenhaus conjecture holds for C × A by as-
sumption, we deduce that it also holds for C. We claim that the first Zassenhaus conjecture holds for
the Frobenius group F = N ⋊ C. Indeed, by [27, Theorem 2.1] the order of an element of V(ZF ) is
either a divisor of the order of N or a divisor of the order of C. In the first case, the unit maps to
the identity under the natural homomorphism ZF → ZF/N and hence it is rationally conjugate to
an element of F by [21, Theorem]. In the second case, it is conjugate to a unit of ZC by a unit of QF
by [36, Theorem (37.17)] and hence eventually rationally conjugate to an element of C by Remark 2.4
(see also the discussion at the end of the introduction in [21]). This finishes the proof of the claim.
We will use it without further mention.
Let G = (N ⋊ C) × A and u ∈ V(ZG) be a torsion element. We will prove that all partial
augmentations of u are non-negative and after obtaining that, the result will follow by 2.1.(4). We
argue by induction on o(u) and on |G|. Note that the Frobenius kernel N is nilpotent by a famous
result of J. Thompson, so it has a normal Sylow subgroup for each prime divisor p.
Clearly, for every prime p | |N |, the first Zassenhaus conjecture holds for G/Np by induction on
|G|. Therefore, if there is a prime p | |N | such that p ∤ o(u) we can use equation (2.1) on page 3 with
normal subgroup Np and 2.1.(3) to obtain for every x ∈ G that εx¯(u¯) =
∑
gG,g¯∼x¯ εg(u) = εx(u) ≥ 0,
as desired.
Thus we may assume that every prime dividing |N | also divides o(u). Moreover, for every prime
p | |N | we have that p ∤ |C| because N ⋊ C is Frobenius and using Theorem 2.2 with Np × Ap we
obtain up ∼ZpG npap ∈ Np ×Ap.
Suppose that np = 1 for some prime p | |N |. Then up ∼ZpG ap, and as ap is central in G, we
get up = ap ∈ Ap. Let v = u · a
−1
p ∈ V(ZG) be a torsion element. Thus vp = upa
−1
p = 1 and
vq = uq for every prime q 6= p. This implies o(v) | o(u) and p ∤ o(v). By induction on o(u), all partial
augmentations of v are non-negative, and thus also all of u.
Therefore we may assume that np 6= 1 for every prime p | |N |. Suppose that εg(u) 6= 0 for some
g ∈ G. We claim that gq ∈ N ×A for every prime q. Using Proposition 2.3 we deduce for every prime
p | |N | that gp ∼G npap. This implies that gp ∈ N × A for every prime p | |N |. Let q | |C × A| be a
prime. If q ∤ |C| then clearly gq ∈ N ×A. Suppose now that q | |C|. Write gq = hqaq with hq ∈ N ⋊C
and aq ∈ A. As gp ∼G npap and ap is central in G for any prime p | |N |, there is f ∈ N ⋊ C such
that gp = f
−1npfap. Let bp = f
−1npf ∈ N ⋊ C. If hq 6= 1 then gpgq = bpaphqaq = bphqapaq where
1 6= bphq ∈ N ⋊ C and pq | o(bphq) because bphq = bpaphqaqa
−1
p a
−1
q = gpgqa
−1
p a
−1
q = gqgpa
−1
p a
−1
q =
hqbp, contradicting the fact that N ⋊ C is Frobenius. Therefore, if q | |C| then hq = 1 and hence
gq = aq ∈ Aq ⊆ N ×A. This finishes the proof of the claim.
As a consequence of the claim we get that εg(u) 6= 0 implies gq ∼G nqaq ∈ N × A for every prime
q. By induction on |G|, we can fix a prime r dividing |A|. Write G = ((N ⋊ C)×Ar′) × Ar and let
x ∈ (N ⋊ C) × Ar′ . The first Zassenhaus conjecture holds for G/Ar by induction on |G|. So using
(2.1) on page 3 with Ar we get
εx(u¯) =
∑
b∈Ar
εxb(u) = εxar(u) ≥ 0,
as desired. 
Corollary 4.4. The first Zassenhaus conjecture holds for the direct product G × A where A is any
finite abelian group and G is either a Camina group or a Frobenius group whose complement has odd
order.
Proof. By [25, V.8.18] (or by [34, Theorem 18.1]) we know that odd order Frobenius complements are
metacylic. Hence the result follows combining Proposition 4.2 and Proposition 4.3. 
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Proposition 4.5. Let G = F ×H where F is a Frobenius group with Frobenius complement C and H
is a finite group of coprime order to F . Suppose that the first Zassenhaus conjecture holds for C ×H.
Then it also holds for G.
Proof. As in the proof of Proposition 4.3 we can deduce that the first Zassenhaus conjecture also holds
for C and H by Remark 2.4. Let u be a torsion element of V(ZG) and denote by N the Frobenius
kernel of F .
Assume first gcd(o(u), |N |) = 1. Then projecting u via the homomorphism ZG→ ZG/N and using
that the first Zassenhaus conjecture holds for G/N = C ×H by assumption we can conclude that u
is rationally conjugate to an element of C ×H by [12, Theorem 2.7].
So assume that gcd(o(u), |N |) 6= 1. We will prove that all partial augmentations of u but one vanish
and the result will follow by 2.1.(4). Let p be a common prime divisor of o(u) and |N |. Then p ∤ |H| and
by Theorem 2.2 we deduce that up ∼ZpG xp ∈ Np. Repeating this process for every prime p dividing
o(u) and also |N | we may define x =
∏
xp ∈ N and π =
∏
p. Now using Proposition 2.3 we have that
εg(u) = 0 for every g ∈ G with gπ 6∼ x. Furthermore, by the assumptions on the order of G and that
F is a Frobenius group, we have that εg(u) = 0 for every g ∈ G with a common prime divisor of o(g)
and |C|. Therefore the distinct non-vanishing partial augmentations of u are of the form εxh(u) for
h ∈ H. It follows that the image u¯ of u under the homomorphism ZG→ ZG¯ = Z(G/F ) has distinct
non-vanishing partial augmentations εh¯(u¯) for h ∈ H. Hence precisely one partial augmentation of u
does not vanish, since the first Zassenhaus conjecture holds for H. This finishes the proof. 
Now we look at Frobenius groups and the general Bovdi problem.
Proposition 4.6. Let C be a finite group isomorphic to a Frobenius complement. Then (Gen-BP)
holds for C.
Proof. By [34, §18] the structure of a Frobenius complement C is as follows. By H =
Q
N
we indicate
that H has a normal subgroup N such that H/N ≃ Q. Denote by F = F(C) the Fitting subgroup of
C.
(1) If the Sylow 2-subgroup of C is cyclic then C is a Z-group.
(2a) Suppose that F2 is cyclic. Then C is metabelian.
(2b) Suppose that F2 ∼= Q8. Then
(i) C =
C2
SL(2, 3) ×M
or (ii) C = SL(2, 3) ×M or (iii) C = Q8 ×M ,
where M is a metacyclic Z-group of odd order coprime to the order of SL(2, 3) and Q8 respec-
tively.
(2c) Suppose that F2 ∼= Q2n with n ≥ 4. Then
C =
C2
C2n−1 ×M
where M is a metacyclic Z-group of odd order and the Sylow 2-subgroup of C is isomorphic
to Q2n . So C ∼= F2 ×M .
(3) If C is non-solvable then
(i) C =
C2
SL(2, 5) ×M
or (ii) C = SL(2, 5) ×M ,
where M is a metacyclic Z-group of odd order coprime to the order of SL(2, 5).
All Sylow subgroups of M are cyclic. Thus M has in each case a Sylow tower. It follows that C is
metabelian or that C has a normal Hall subgroup N with a Sylow tower, C/N is of order coprime to
|N | and isomorphic to
C2
SL(2, 3)
, SL(2, 5) ,
C2
SL(2, 5)
,
or trivial. We have that (ZC1) is valid for all these possible complements of N by [24, 7, 14]. Thus
by Corollary 3.6 we get that (Gen-BP) holds for C. Finally, if C is metabelian, then (Gen-BP) holds
by [13, Corollary 1.4]. 
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Corollary 4.7. Let G be a Frobenius group. Then (Gen-BP) holds for G.
Proof. Let N be the Frobenius kernel of G and C a Frobenius complement. By Thompson’s famous
result N is a nilpotent Hall subgroup. Thus we may apply Proposition 3.5 and get that (Gen-BP)
holds for G if, and only if, it holds for C. But this follows from Proposition 4.6. 
Remark 4.8. It is unknown whether (ZC1) holds for all Frobenius groups. The arguments in the
proofs used above show that for many of them this is indeed the case.
Remark 4.9. Let G be a Frobenius group with Frobenius kernel N , C a Frobenius complement of
G and H a finite group for which (Gen-BP) (and therefore (KP)) holds. The analogous question to
Propositions 4.3 and 4.5 is whether (Gen-BP) holds for G×H. The analogue to 4.5 follows immediately
from Proposition 3.5 provided (Gen-BP) is valid for C ×H and gcd(|H|, |G|) = 1.
If H is nilpotent then we may write H = H1 × H2 such that gcd(|H1|, |C|) = 1 and each prime
dividing |H2| divides |C|. Then N ×H1 is a normal nilpotent Hall subgroup of G×H. From Propo-
sition 3.5 and Proposition 4.6 we see that (Gen-BP) holds for G×H1. Moreover (Gen-BP) holds for
G ×H if it holds for C ×H2. The latter is true when C ×H2 has a Sylow tower and this is the case
when C has a Sylow tower.
In case when H is abelian we come back to this at the end of the next section.
5. Extending Coefficients
Let G be a finite group. There is an obvious generalization of the first Zassenhaus conjecture to
group rings where the coefficients are allowed to come from rings of algebraic integers.
Problem 5.1. Let O be the ring of algebraic integers in a number field K. Let u ∈ V(OG) be a unit
of finite order. Is u conjugate by a unit of KG to an element of G?
This question is connected to certain instances of the classical first Zassenhaus conjecture, where the
coefficients come from Z, as can be seen from the following result of Hertweck (see [19, Proposition 8.2]).
Proposition 5.2. Let G be a finite group and let A be a finite abelian group of exponent m. Suppose
that any torsion element of V(Z[ζm]G) is conjugate in (Q(ζm)G)
× to an element of G. Then (ZC1)
holds for G×A.
Hertweck’s proof of Proposition 5.2 actually proves part a) of the following Proposition. It may be
easily modified for (Gen-BP) – stated as part b). Of course we say that (Gen-BP) holds for Z[ζm]G
if and only if the unique non-vanishing trace of a torsion element u ∈ V(Z[ζm]G) is εG[o(u)](u).
Proposition 5.3. Let G be a finite group, let A be a finite abelian group of exponent m and let t ∈ N
such that t divides the exponent of G×A.
a) Suppose that any u ∈ V(Z[ζm]G) of order dividing t is conjugate in (Q(ζm)G)
× to an element
of G. Then each torsion unit of order t of V(Z[G× A]) is rationally conjugate to an element
of G×A.
b) If (Gen-BP) holds for Z[ζm]G then (Gen-BP) holds for Z[G×A].
More precisely if for any u ∈ V(Z[ζm]G) of order dividing t we have that εG[k](u) 6= 0 if, and
only if, k = o(u), then for any u ∈ V(Z(G ×A)) of order t we also have that ε(G×A)[k](u) 6= 0
if, and only if, k = t.
Let O be the ring of algebraic integers in a number field K. Then O is G-adapted (i.e. it is an
integral domain of characteristic 0 and no prime divisor of the order of G is invertible in O). Many
of the usual theorems on torsion units of integral group rings still hold in the case of coefficients
from a G-adapted ring (for the first two statements see [17, Theorem 1.1] and for the last two [18,
Proposition 2.2, Theorem 2.1]).
5.4. Let R be a G-adapted ring and let u ∈ V(RG) be an element of order n. Let K be the field of
fractions of R. Then the following statements hold:
(1) n divides the exponent of G.
(2) ε1(u) = 0 if n 6= 1.
(3) If x ∈ G then εx(u) = 0 whenever o(x) ∤ n.
(4) u is conjugate by a unit of KG to an element of G if and only if, for all divisors d of n, all
partial augmentations of ud but one vanish.
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In view of the last statement, it is desirable to have tools at hand that can be used to produce
constraints on partial augmentations of torsion units of V(RG). In the case of coefficients from Z
this can be achieved, for example, by the well-known HeLP method (see Section 2). We present an
extension of this method to rings of algebraic integers.
In the sequel we fix a finite group G, a ring of algebraic integers O, an element u ∈ V(OG) of
order n and augmentation 1 and a complex primitive nth root of unit ζ. We can linearly extend each
ordinary (p-Brauer) character χ of G to a character of V(OG) (of the p-regular torsion elements of
V(OG)). With exactly the same proof (cf. e.g. [18, § 4]) the formula for the multiplicity of roots of
unity as eigenvalues remains valid. The multiplicity µℓ(u, χ) of ζ
ℓ as eigenvalue of D(u), where D is
a representation affording χ, is
µℓ(u, χ) =
1
n
∑
d|n
TrQ(ζd)/Q
(
χ(ud)ζ−dℓ
)
.
Clearly, this expression has to be a non-negative integer. Note that we have χ(ud) ∈ Q(ζd), as this is
the sum of all the eigenvalues of D(ud). We can isolate the term for d = 1,
1
n

TrQ(ζ)/Q
(
χ(u)ζ−ℓ
)
+
∑
16=d|n
TrQ(ζd)/Q
(
χ(ud)ζ−dℓ
) = µℓ(u, χ) ∈ Z≥0, (5.1)
and assume by induction that the latter sum is known. We have χ(u) =
∑
xG εx(u)χ(x) (see [18,
Theorem 3.2] for Brauer characters) and 5.4.(3) guarantees εx(u) = 0 whenever o(x) ∤ n. So all the
character values at conjugacy classes which might have a non-zero partial augmentation are contained
in Q(ζ). That also the partial augmentations are contained in Q(ζ), so that we can use the Q-linearity
of the trace to simplify further, is guaranteed by the following lemma.
Lemma 5.5. Let O be a ring of algebraic integers and G be a finite group. If u ∈ V(OG) is an
element of order n and ζ a primitive nth root of unity, then εx(u) ∈ Z[ζ] ∩ O for every x ∈ G.
Proof. Let Irr(G) = {χ1, ..., χh} be the set of irreducible characters of G and let {x1, ..., xh} be a set
of class representatives of G. Without loss of generality we may assume that x1, ..., xd are the class
representatives with an order a divisor of n. Then, by 5.4.(3), εxj(u) = 0 for j ∈ {d + 1, .., h} and it
remains to show that εxj (u) ∈ Z[ζ] for j ∈ {1, .., d}. We have

χ1(u)
χ2(u)
...
χh(u)

 =


χ1(x1) χ1(x2) . . . χ1(xh)
χ2(x1) χ2(x2) . . . χ2(xh)
...
...
. . .
...
χh(x1) χh(x2) . . . χh(xh)




εx1(u)
εx2(u)
...
εxh(u)

 .
As u is of order n, the column on the left hand side is an element of Z[ζ]h. Denote the character
table of G with the ordering above as C = (ci,j). Let J = {1, ..., d}. As C is invertible, we can choose
I ⊆ {1, ..., h} with |I| = d in such a way that the d× d-submatrix (ci,j)i∈I,j∈J is invertible. Note that
(ci,j)i∈I,j∈J ∈ GL(d,Q(ζ)), as the entries are character values of elements with an order a divisor of
n. Hence
(εxj (u))j∈{1,..,d} = (ci,j)
−1
i∈I,j∈J(χi(u))i∈I ∈ Q(ζ)
d.
As these partial augmentations are algebraic integers, we infer εx(u) ∈ Z[ζ] ∩ O for all x ∈ G. This
completes the proof. 
Remark 5.6. Although the partial augmentations of normalized units in OG of order n are contained
in Z[ζn], this is in general not true for the coefficients: Let G = S3 and O = Z[ζ9]. Then
u = (1, 2, 3) + ζ9(1, 2) + ζ
4
9 (2, 3) + ζ
7
9 (1, 3)
= (1, 2, 3) + ζ9((1, 2) + ζ3(2, 3) + ζ
2
3 (1, 3)) ∈ V(OG)
is a unit of order 3.
We can choose a basis B of Z[ζ] ∩ O over Z and express εx(u) =
∑
b∈B αx,bb with αx,b ∈ Z. Then
TrQ(ζ)/Q
(
χ(u)ζ−ℓ
)
=
∑
xG
∑
b∈B
αx,bTrQ(ζ)/Q
(
χ(x)ζ−ℓb
)
.
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So using (5.1), we get a system of linear inequalities over Z:
∑
xG
∑
b∈B
αx,bTrQ(ζ)/Q
(
χ(x)ζ−ℓb
)
+
∑
16=d|n
TrQ(ζd)/Q
(
χ(ud)ζ−dℓ
)
= nµℓ(u, χ) ∈ nZ≥0. (5.2)
Note that compared to the “classical” HeLP method, where O = Z, the number of variables grows
by a factor [K ∩ Q(ζ) : Q]. Now we want to exploit Proposition 5.2 to verify the first Zassenhaus
conjecture for direct products G×A, where A is an arbitrary finite abelian group.
For a given divisor n of the exponent of G and ζ an arbitrary complex root of unity, we will show
that each element of order n of V(Z[ζ]G) (if it exists) is conjugate in (Q(ζ)G)× to an element of G by
showing that every solution of (5.2) is in accordance with the condition of 5.4.(4) or that there is no
solution to (5.2) at all (in case there is no group element of that order). We can again employ Lemma
5.5 to see that it is enough to do this for ζ a primitive nth root of unity. So for each group G we are
left with the problem of finding the solutions to a finite number of systems of linear inequalities over
the integers. We will choose B = {1, ζ, ..., ζϕ(n)−1} as basis of Z[ζ] over Z where ϕ denotes the Euler
totient function.
A rational prime p is called totally ramified in an algebraic number field K (or rather its ring of
algebraic integers O) if for each prime ideal p containing the ideal pO, the field O/p has cardinality
p. For example, p is totally ramified in Z[ζpa] for a ∈ Z≥0, see e.g. [38, Proposition 7.4.1]. Based on a
result of Cohn-Livingstone [10], one can establish extra constraints for torsion units of ZG, sometimes
called the “Wagner test”, cf. [4, Proposition 3.1]. With an adapted proof we get the following version
for coefficients in rings of algebraic integers.
Proposition 5.7 (“Wagner test”). Let G be a finite group, p be a prime and O a ring of integers
such that p is totally ramified in O. Let u ∈ V(OG) be a unit of order o(u) = pjm with m 6= 1. Then
for s ∈ G and p a prime ideal containing pO, we have∑
xG, xp
j∼s
εx(u) ≡ εs(u
pj) mod p.
Proof. Let u =
∑
g∈G ugg ∈ V(OG), set q = p
j and v = uq. By definition
εs(v) =
∑
(g1,...,gq)∈Gq
g1...gq∼s
q∏
j=1
ugj . (5.3)
The set over which the sum is taken can be decomposed into M = {(g, ..., g) ∈ Gq : gq ∼ s} and
N = {(g1, ..., gq) ∈ G
q : g1...gq ∼ s and ∃ r, r
′ : gr 6= gr′}.
The cyclic group Cq = 〈t〉 of order q acts on the set N by letting the generator t shift the entries
of a tuple to the left, i.e., (g1, g2, g3, ..., gq) · t = (g2, g3, ..., gq , g1). Note that all orbits have length p
i
with i ≥ 1. For elements in the same orbit, the same integer is summed up in (5.3). Using that O/p
has characteristic p and that U(O/p) is a group of order p− 1 we get
εs(v) =
∑
(g,...,g)∈M
uqg +
∑
(g1,...,gq)∈N
q∏
j=1
ugj ≡
∑
(g,...,g)∈M
uqg ≡
∑
(g,...,g)∈M
ug ≡
∑
xG, xp
j∼s
εx(u) mod p. 
Using the constraints we obtained so far in this section will be called the extended HeLP method,
abbreviated as HELP method. This has been implemented in the computer algebra system GAP [16]
and applied to groups of small order.
If G is nilpotent, a Camina group, a cyclic-by-abelian group or if it has a normal Sylow p-subgroup
with abelian quotient, then the first Zassenhaus conjecture is known for G×A, for A a finite abelian
group. So Proposition 5.2 together with the above method will not provide us in these case with
anything new. If we filter all groups up to order 95 that are not covered by what is said before, we
are left with 17 groups (up to order 100, there are 73 such groups).
We will list in Table 1 the SmallGroup IDs of those groups of order at most 95 that are not
covered by the previously mentioned results together with the structure description in the first two
columns. The third column contains the orders n of units in V(Z[ζn]G), where the HELP method
(including the “Wagner test”) does not provide a complete solution; in parentheses the number of
distributions of non-trivial partial augmentations that cannot be ruled out is indicated. In case there
are only trivial partial augmentations left, a checkmark is included. The last column contains the
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orders where either the Wagner test or the so-called “quotient method” (a unit would map to a unit
with an already eliminated distribution of partial augmentations in an integral group ring of a quotient
group) can be used together with the number for such distributions where this applies; if the quotient
method does not provide new information, the zero is omitted.
Table 1. Groups of order at most 95 investigated with the HELP method.
SmallGroupID Structure Description Order Wagner test / quotient method
[24,12] S4 4(4) 4(4)
[48,28] C2.S4 = SL(2, 3).C2 8(8)
[48,29] GL(2, 3) 8(4) 4(1), 8(4)
[48,30] A4 : C4 4(8) 4(21 / 5)
[48,48] C2 × S4 4(16) 4(12)
[60,5] A5 6(2)
[72,15] ((C2 × C2) : C9) : C2 4(4) 4(4), 12(3)
[72,22] (C6 × S3) : C2 X 4(2)
[72,23] (C6 × S3) : C2 X 4(2)
[72,24] (C3 ×C3) : Q8 X
[72,31] (C3 ×C3) : Q8 X
[72,33] (C12 × C3) : C2 X
[72,35] (C6 × C6) : C2: X 4(2)
[72,40] (S3 × S3) : C2 = S3 ≀ S2 3(2), 6(4) 4(2)
[72,42] C3 × S4 4(4), 12(8) 4(4)
[72,43] (C3 ×A4) : C2 4(4) 4(4), 12(2)
[72,44] A4 × S3 X
Note that there are problems with normalized units of order a power of 2 if and only if G maps
onto S4. In particular those distributions of partial augmentations that cannot be ruled out in these
groups always map on one of the distributions of partial augmentations in S4 that cannot be ruled
out. We will discuss this below. So, in order to solve Problem 5.1 for all groups of order at most 95,
one has only to deal with S4, A5 and the wreath product S3 ≀ S2. This will also be discussed later,
first we record the following consequence of these calculations and Proposition 5.3.
Proposition 5.8. Let G be a group of order at most 95 and A a finite abelian group. Then the first
Zassenhaus conjecture holds for G×A except if G maps onto S4 or G ≃ A5 or G ≃ S3 ≀ S2.
If G ≃ A5 or G ≃ S3 ≀S2, then the first Zassenhaus conjecture holds for G×A if A is a 3
′-group. If G
maps onto S4, then the first Zassenhaus conjecture holds for G ×A if 4 does not divide the exponent
of A.
In the case that S4 is an image of G all units of V (Z(A × G)) whose order is not divisible by 4 are
rationally conjugate to an element of A×G.
We will now focus on one of the problematic partial augmentations for S4 that could not be ruled out
yet. Note that CharacterTable("S4") in GAP produces a permutation of the columns of the character
table CharacterTable(SmallGroup(24,12)). We will use the notation for conjugacy classes of the
latter table, i.e. 2a contains the transpositions (••) and 2b the double transpositions (••)(••). The
irreducible characters of S4 will be denoted by χ1a = 1, χ1b = sgn, χ2 (this is the inflation of the
irreducible non-linear character of S3), χ3a and χ3b = χ3a ⊗ sgn. The character table of S4 we are
using is thus as follows (dots indicate zeros):
class 1a 2a 3a 2b 4a
cycletype () (••) (• • •) (••)(••) (• • • •)
χ1a 1 1 1 1 1
χ1b 1 −1 1 1 −1
χ2 2 . −1 2 .
χ3a 3 −1 . −1 1
χ3b 3 1 . −1 −1
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For normalized units u of order 4 we always have u2 ∼ 2b and we are left with the following four
cases of distributions of partial augmentations that do not correspond to units that are conjugate in
Q(i)S4 to an element of the group:
Case 1:
ε2a(u) = i
ε2b(u) = 1
ε4a(u) = −i
Case 2:
ε2a(u) = 1 + i
ε4a(u) = −i
Case 3:
ε2a(u) = −i
ε2b(u) = 1
ε4a(u) = i
Case 4:
ε2a(u) = 1− i
ε4a(u) = i
Of course, all partial augmentations not recorded are zero.
Consider the ring homomorphism τ : Z[i]S4 → Z[i]S4 induced by complex conjugation on the coef-
ficients. Then one can see that a unit as in case 1 exists if and only if a unit as in case 3 exists and
similarly for case 2 and 4. So it suffices to consider the first 2 cases.
Assume we are in case 1, i.e. u =
∑
ugg ∈ V(Z[i]S4) is of order 4, u
2 ∼ 2b = (••)(••), a double
transposition, and
ε2a(u) = i, ε2b(u) = 1, ε4a(u) = −i.
Clearly χ1a(u) = 1, χ1b(u) = 1, χ2(u) = 2, χ3a(u) = −1 − 2i and χ3b(u) = −1 + 2i. Let D be the
direct sum of the representations corresponding to χ1a, χ1b, χ2, χ3a and χ3b (in this order). Then in a
diagonalized form D(u) looks as follows:
D(u) ∼
(
1, 1, ( 1 1 ) ,
(−1
−i
−i
)
,
(
−1
i
i
))
. (5.4)
From this it immediately follows that u is in the kernel of the natural homomorphism V(Z[i]S4) →
V(Z[i]S3). In [30, Section 2], Luthar and Trama obtained certain congruences modulo |G| from the
integrality of the coefficients of the group rings elements. In their paper it turned out to be sufficient
to exclude the existence of certain units of order 4 and 6 in V(ZS5) and they could conclude that the
first Zassenhaus conjecture holds for S5. We can obtain similar restrictions (modulo the ideal 24Z[i])
that express that the coefficients of the units in question actually lie in Z[i]. However in this case, these
systems do not provide us with contradictions. There are even solutions modulo 6Z[i] corresponding
to matrices of order 4. These solutions correspond to normalized units of order 4 in Z[i, 12 ]S4, which
even lie in an order of Q(i)S4 containing Z[i]S4. One such example is
u =
1
4
(
(−1 + i)(1, 2) + (1 + i)(1, 3) + i(1, 4) + i(2, 3) − (2, 4) + (3, 4) + (1, 2, 3)
+ (−1 + i)(1, 3, 4) − (1 + i)(1, 4, 2) + (2, 4, 3) + (2− i)(1, 2)(3, 4) + (2 + i)(1, 3)(2, 4)
− (1, 2, 3, 4) − i(1, 2, 4, 3) − (1 + i)(1, 3, 2, 4) + (1, 4, 2, 3) + (1− i)(1, 4, 3, 2) − i(1, 3, 4, 2)
)
,
which is of order 4.
Note that a torsion unit of Z[i]S4 in case 2 above is not in the kernel of the natural homomorphism
V(Z[i]S4)→ V(Z[i]S3), but rather maps to an involution.
The other two groups of order at most 95 that cannot be handled and do not project onto S4 are
A5 and S3 ≀ S2. We also provide all remaining non-trivial distributions of partial augmentations for
these groups. In the sequel denote by ζ = ζ3 a primitive 3rd root of unity.
For the group A5, units u with augmentation one and order 6 in Z[ζ]A5 can not be proved to be
conjugate within Q(ζ)A5 to a group element using the HELP method. Let 2a and 3a denote the
unique A5-conjugacy class of involutions and elements of order 3, respectively. In all cases that cannot
be ruled out, u3 ∼ 2a, u2 ∼ 3a and
Case 1:
ε2a(u) = −2ζ
ε3a(u) = 1 + 2ζ
Case 2:
ε2a(u) = −2ζ
2
ε3a(u) = 1 + 2ζ
2.
These cases can also not be ruled out by using Brauer characters (which might provide additional
information in case of non-solvable groups) or the so-called lattice method [5].
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For G = S3 ≀S2, units of order 3 and 6 with non-trivial partial augmentations in Z[ζ]G remain after
the application of the HELP method. For elements of order 3 the non-trivial distributions of partial
augmentations are
(ε3a(u), ε3b(u)) ∈
{(
−ζ,−ζ2
)
,
(
−ζ2,−ζ
)}
.
For elements of order 6 with non-trivial partial augmentations that cannot be ruled out with HELP
we always have u3 ∼ 2c (the class of involutions in S2) and
Case 1:
u2 ∼ 3b
ε2b(u) = 1
ε2c(u) = 1
ε6b(u) = −1
Case 2:
u2 ∼ 3b
ε2b(u) = −1
ε2c(u) = 1
ε6b(u) = 1
Case 3:
u2 ∼ 3a
ε2a(u) = 1
ε2c(u) = 1
ε6a(u) = −1
Case 4:
u2 ∼ 3a
ε2a(u) = −1
ε2c(u) = 1
ε6a(u) = 1
Note that case 1 and 3 and case 2 and 4 lie in the same Aut(S3 ≀ S2) orbit (interchanging the two
factors isomorphic to S3 in the base group).
Remark 5.9. The HELP method can successfully be applied to the unique perfect group of order
120, SL(2, 5). This proves the first Zassenhaus conjecture for SL(2, 5) ×A, A a finite abelian group.
Corollary 5.10. (ZC1) holds for G×A where A is any finite abelian group and G is a Frobenius group
whose complement C either has order at most 95 and is not isomorphic to C2.S4 or C = SL(2, 5).
Proof. By [34, Theorem 18.1] we know that all Sylow p-subgroups of Frobenius complements are cyclic
(in case p is odd) or cyclic or quaternion (for p = 2). However the groups of order at most 95 in Table 1
that cannot be handled have at least one Sylow subgroup which is not of that form except the case of
C2.S4. The result now follows combining Proposition 4.3, Proposition 5.8 and Remark 5.9. 
Remark 5.11. For S5 the HELP method can successfully be applied except for units of order 4, 6
and 12. In these cases the problematic partial augmentations are as follows. Let 2a be the conjugacy
class of involutions contained in A5. For partial augmentations of u ∈ V(Z[i]S5) that cannot be ruled
out we have u2 ∼ 2b and
((ε2a(u), ε2b(u), ε4a(u)) ∈ {(0, 1 − i, i), (1,−i, i), (0,−i, 1 + i), (0, i, 1 − i), (0, 1 + i,−i), (1, i,−i)}.
For elements u ∈ V(Z[ζ3]S5) of order 6 the following remain (always u
2 ∼ 3a):
u3 ∼ 2b and ((ε2a(u), ε2b(u), ε3a(u), ε6a(u)) ∈ {(1− 2ζ6, 1,−1 + 2ζ6, 0), (−1 + 2ζ6, 1, 1 − 2ζ6, 0)};
u3 ∼ 2a and ((ε2a(u), ε2b(u), ε3a(u), ε6a(u)) ∈ {(2ζ6, 0, 1 − 2ζ6, 0), (2 − 2ζ6, 0,−1 + 2ζ6, 0)}.
For elements u ∈ V(Z[ζ12]S5) of order 12 the following remain (always u
6 ∼ 2a, u4 ∼ 3a):
ε2b(u
3) ε4a(u
3) ε2a(u
2) ε3a(u
2) ε2b(u) ε4a(u) ε6a(u)
1− i i 2ζ6 1− 2ζ6 0 1 + ζ12 + ζ
2
12 −ζ12 − ζ
2
12
−i 1 + i 2ζ6 1− 2ζ6 1 ζ12 − ζ
2
12 −ζ12 + ζ
2
12
i 1− i 2ζ6 1− 2ζ6 1 −ζ12 − ζ
2
12 ζ12 + ζ
2
12
1 + i −i 2ζ6 1− 2ζ6 0 1 + ζ12 − ζ
2
12 ζ12 − ζ
2
12
1− i i 2− 2ζ6 −1 + 2ζ6 0 2− ζ12 − ζ
2
12 + ζ
3
12 −1 + ζ12 + ζ
2
12 − ζ
3
12
−i 1 + i 2− 2ζ6 −1 + 2ζ6 1 −1− ζ12 + ζ
2
12 + ζ
3
12 1 + ζ12 − ζ
2
12 − ζ
3
12
i 1− i 2− 2ζ6 −1 + 2ζ6 1 −1 + ζ12 + ζ
2
12 − ζ
3
12 1− ζ12 − ζ
2
12 + ζ
3
12
1 + i −i 2− 2ζ6 −1 + 2ζ6 0 2 + ζ12 − ζ
2
12 − ζ
3
12 −1 + ζ12 + ζ
2
12 + ζ
3
12
Thus (ZC1) holds for S5 ×A, A a finite abelian group if neither 4 nor 3 divides the exponent of A.
Moreover units of order 4 are conjugate in Q(ζ)S5 if i /∈ Z[ζ], i.e. if 4 does not divide the exponent of
A.
Remark 5.12. For G = 2.S5 = SL(2, 5).2 the HELP method leaves problems with elements of order
8. Here the problematic distributions of partial augmentations for u ∈ V(Z[i]G) of order 8 are as
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follows. Let 2a, 4a, 4b, 8a, 8b denote the conjugacy classes of order 2, 4 and 8 of G respectively as in
the character table CharacterTable("2.Sym(5)") in GAP. Then u4 ∼ 2a, u2 ∼ 4b and
(ε4a(u), ε4b(u), ε8a(u), ε8b(u)) ∈ {(1− i, 0, 0, i), (i, 1, 0,−i), (−i, 1, i, 0), (1 − i, 0, i, 0),
(1 + i, 0, 0,−i), (i, 1,−i, 0), (−i, 1, 0, i), (1 + i, 0,−i, 0)}
All partial augmentations not stated are zero.
Thus (ZC1) holds for 2.S5 ×A, A an abelian group, if 4 does not divide the exponent of A.
Proposition 5.13. Let G and H be finite groups, p a prime and D = H × G. Let u ∈ V(ZD) a
torsion unit. Let M be a normal p-subgroup of D and denote by u¯ the image of u under ZD→ ZD/M .
Assume that o(u¯) < o(u) (e.g. if pm does not divide the exponent of D/M) and that εD/M [w](u¯) 6= 0
if, and only if, w = o(u¯). Then
εD[j](u) = 0, if j 6= o(u).
Proof. Write o(u) = pm ·k with k coprime to p. As o(u¯) < o(u), we get εg(u) = 0 for each g ∈ D whose
p-part has smaller order than the p-part of u, by [20, Proposition 2]. Moreover by 2.1.(3), εg(u) = 0
provided o(g) does not divide o(u). So εg(u) 6= 0 implies that o(g) = p
m · l and l divides k. Looking
at the map from ZD onto ZD/M and using 2.1.(5), it follows that
εD[pm·l](u) =
∑
i
εD/M [pi·l](u¯).
By assumption εD/M [pi·l](u¯) = 0 if p
i · l 6= o(u¯). Thus εD[pm·l](u) = 0 if l 6= k and the result follows. 
Corollary 5.14. Let A be a finite abelian group.
a) Let D = A× S4 and u ∈ V(ZD) with 4 divides the order of u. Then
εD[m](u) = 0 if m 6= o(u).
b) Let D = A×G where G is a group of order 48 mapping onto S4. Let u ∈ V(ZD) with 4 divides
the order of u. Then
εD[m](u) = 0 if m 6= o(u).
c) Let D = A× 2.S5 and u ∈ V(ZD) with 8 divides the order of u. Then
εD[m](u) = 0 if m 6= o(u).
Proof. In case a) choose M = O2(D) = A2 × V4, where A2 is the Sylow 2-subgroup of A and V4 =
O2(S4) denotes the Klein 4-subgroup. Then D/M ∼= A2′ ×S3. Clearly D/M has a Sylow tower. Thus
(Gen-BP) holds for D/M by Proposition 3.5. Moreover 4 does not divide the exponent of A2′ × S3.
So Proposition 5.13 completes this case.
For the proof of b) note that |O2(G)| ≥ 8 and that D/O2(D) is isomorphic to A2′ ×S3. Thus we may
argue as in case a).
For c) choose M = A2×Z, where Z ∼= C2 denotes the center of 2.S5. Then D/M is a direct product of
an abelian group of odd order and S5. Clearly D/M has no elements of order 8. By Remark 5.11, units
of order dividing 4 of V(ZD/M) are rationally conjugate to elements of D/M. Thus for such units the
generalized trace εD[m](u) = 0 if m 6= o(u). Now again Proposition 5.13 completes this case. 
We will meet groups with all non-trivial elements of prime order in Proposition 5.16.
Remark 5.15. If G is a finite group such that every non-trivial element of G has prime order, then
(ZC1) holds for G. In particular (Gen-BP) is valid for G.
Proof. By [9], G is either a p-group of exponent p, a Frobenius group of order pa · q with p and q
different primes, or it is isomorphic to A5. In all these three cases it is well known that (ZC1) holds
for G. This follows e.g. from [37], [17, Theorem 5.6], [29]. 
Proposition 5.16. Let D = N × G, where N is a finite nilpotent group and G is a finite group.
Assume that each non-trivial element of G is of prime order. Then (Gen-BP) is valid for D.
Proof. Using Remark 5.15 we get that (Gen-BP) holds for G. Let u be a unit of V(ZD) of prime order
r. Then by 2.1.(3), εD[m](u) = 0 if m 6= r.
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Assume that N is a p-group. Suppose that u has order pk · q with p and q different primes dividing
|G|. By assumption G has no elements of mixed order. Thus it follows from 2.1.(5) that u maps under
ZD → ZG onto an element of order q. We may apply Proposition 5.13 with M = N and obtain that
εD[m](u) = 0 if m 6= p
k · q. (5.5)
We claim that every element of V(ZD) has order pk · q with p and q different primes dividing |G|.
Indeed, assume otherwise that v ∈ V(ZD) has order pk · q · r, with r a prime different from p and q.
Then projecting v via the natural homomorphism ZD → ZG we get an element of V(ZG) whose order
is multiple of p · q, in contradiction with the assumptions on G. This finishes the proof of the claim.
Therefore, combining (5.5) with the claim we deduce that (Gen-BP) follows in this case.
We proceed by induction on the number of primes dividing |N |. Let P be the Sylow p-subgroup
and let N = P ×M . If p ∤ o(u) then by 2.1.(3) we have εD[m](u) = εD/P [m](u¯) for each m dividing
|D/P |, where u¯ is the image of u under the map ZD → ZD/P. So by induction εD[m](u) = 0 if, and
only if, m = o(u). Suppose now that o(u) = pl · k with l ≥ 1. If l ≥ 2 then by Proposition 5.13 we get
εD[m](u) = 0, if m 6= o(u).
Note that the arguments work for each prime dividing |N |. Thus it suffices to consider units of order
p · q · k, where p and q are different primes and k is square-free and coprime to p · q. Let P and Q be
the Sylow subgroups of N corresponding to p and q.
Denote the image of u in ZD/P by u1, in ZD/Q by u2 and that one in ZD/(P ·Q) by v. Suppose
that u1 and u2 both have order divisible by p·q. As v is the image of u1 under ZD/P → ZD/(P ·Q) and
torsion units mapping to 1 under this homomorphism are q-elements by 2.1.(5), v has order divisible
by p. Similarly, looking at u2, one gets that v has order divisible by q. But the we also get a torsion
unit of order p · q in V(ZG), for which (Gen-BP) holds by assumption. This contradiction shows that
either u1 or u2 have order not divisible by p · q.
W.l.o.g. we assume that p·q does not divide o(u1). Thus we may apply Proposition 5.13 withM = P .
Note that by induction (Gen-BP) holds for D/P. Consequently εD[m](u) = 0 if m 6= o(u). 
Theorem 5.17. Let G be a Frobenius group and let A be a finite abelian group. Then (Gen-BP) holds
for G×A.
Proof. Using Remark 4.9 and Remark 5.9 we get the following. Let C be a Frobenius complement
of G. Then (Gen-BP) is valid for G × A provided this is the case for C × B, where B is abelian. If
C is metabelian then C × B is metabelian and (Gen-BP) holds by [13, Corollary 1.4]. If C is not
metabelian then as explained in the proof of Proposition 4.6 it has a Sylow tower if it does not map
onto SL(2, 3).2 or SL(2, 5).2.
If C maps onto SL(2, 3).2 or onto SL(2, 5).2 then by Proposition 5.8 and Remark 5.12 for SL(2, 5).2
we see that the generalized trace of torsion units behaves as desired when the order of the unit is not
divisible in the first case by 4 or in the second case by 8 (even rational conjugacy holds in these cases).
Now Corollary 5.14 b) and c) establish the theorem. 
Theorem 5.18. Let G be a group with |G| ≤ 95 and let A be a finite abelian group. Then (Gen-BP)
holds for G×A.
Proof. By Proposition 5.8 even the first Zassenhaus conjecture holds for G× A provided G does not
map onto S4 or G does not coincide with S3 ≀ C2 or A5.
S3 ≀C2 is a Sylow tower group thus also A× (S3 ≀C2) is a Sylow tower group and Proposition 3.5 yields
the result.
(Gen-BP) holds for A5, cf. Remark 5.15. Now Proposition 5.16 establishes this case.
Assume now that G maps onto S4. By Proposition 5.8 we know that each torsion unit whose order is
not divisible by 4 has the desired generalized traces. Corollary 5.14 a) and b) rsp. prove the theorem
for S4 and when G is a group of order 48 mapping onto S4.
Finally let G be a group of order 72 with S4 as image. Then G has a minimal normal subgroup M
isomorphic to C2×C2. We have that (ZC1) holds for G/M and also G/M has no elements of order 4.
Thus Proposition 5.13 completes the proof. 
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